
 



 



𝐸

∗

(𝑎, 𝑏) ∈ 𝐸 × 𝐸 𝑐 ∈ 𝐸 𝑎 ∗ 𝑏 = 𝑐

△ ℚ (𝑎, 𝑏) ⟼ 𝑎 △ 𝑏 =
𝑎+𝑏

2

△ ∀ 𝑎, 𝑏 ∈  ℚ
𝑎+𝑏

2
 ∈ ℚ

∗ ℕ (𝑎, 𝑏) ⟼ 𝑎 ∗ 𝑏 = 𝑎 − 𝑏

∗ (2; 5) 2 − 5 = −3 ∉  ℕ

∗ 𝑎, 𝑎′, 𝑏, 𝑐 𝑒 𝐸

 ∀ 𝑎, 𝑏 ∈ 𝐸 ∶ 𝑎 ∗ 𝑏 = 𝑏 ∗ 𝑎 ∗

 ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐸 ∶ (𝑎 ∗ 𝑏) ∗ 𝑐 = 𝑎 ∗ (𝑏 ∗ 𝑐) ∗

 ∗ 𝐸 𝑒 ∀ 𝑎 ∈ 𝐸 ∶ 𝑎 ∗ 𝑒 =

𝑒 ∗ 𝑎

 𝑎 ∈ 𝐸 𝑎′ 𝑎 ∗ 𝑎′ = 𝑎′ ∗ 𝑎 = 𝑒



 

 

∗ ℤ (𝑎, 𝑏) ⟼ 𝑎 ∗  𝑏 = 𝑎 + 𝑏 − 2

 ∗ ∀ 𝑎, 𝑏 ∈ ℤ ∶ 𝑎 + 𝑏 − 2 = 𝑏 + 𝑎 − 2 ⟹ 𝑎 ∗  𝑏 = 𝑏 ∗

 𝑎

 ∗ ∀ 𝑎, 𝑏, 𝑐 ∈ ℤ ∶ (𝑎 ∗  𝑏) ∗  𝑐 = (𝑎 + 𝑏 − 2) + 𝑐 − 2 =

𝑎 + (𝑏 + 𝑐 − 2) − 2 = 𝑎 ∗  (𝑏 ∗  𝑐)

 ∗ ℤ 𝑒 = 2 𝑎 ∗  𝑒 = 𝑒 ∗  𝑎 = 𝑎

 𝑎 ∗ 𝑎′ = 𝑒 ⟹ 𝑎 + 𝑎′ − 2 = 2 ⟹ 𝑎′ = 4 − 𝑎 ∀ 𝑎 ∈ ℤ  ∃ 𝑎′  ∈  ℤ ∶ 𝑎 ∗

𝑎′ = 𝑎′ ∗ 𝑎 = 𝑒

△ ℚ (𝑎, 𝑏) ⟼ 𝑎 △ 𝑏 =
𝑎+𝑏

2

∗ ∎ 𝐸

∗

∎ ∀ 𝑎, 𝑏, 𝑐 ∈ 𝐸 ∶ 𝑎 ∗ (𝑏 ∎ 𝑐) = (𝑎 ∗ 𝑏)∎(𝑎 ∗ 𝑐)
(𝑎 ∎ 𝑏) ∗ 𝑐 = (𝑎 ∗ 𝑐)∎(𝑏 ∗ 𝑐)

∗ ∎

∎

∗ ∎ 𝑎 ∗ 𝑏 = 𝑎 + 𝑏 − 𝑎 × 𝑏 𝑎 ∎ 𝑏 = 𝑎 +

𝑏 − 1

∗ ∎ ∗ ∎ :
𝑎 ∗ (𝑏 ∎ 𝑐) = 𝑎 ∗ (𝑏 + 𝑐 − 1) 
                      = 𝑎 + (𝑏 + 𝑐 − 1) − 𝑎 × (𝑏 + 𝑐 − 1) 
                      = 2𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑎𝑐 − 1………… . (𝐼)
(𝑎 ∗ 𝑏)∎ (𝑎 ∗ 𝑐) = (𝑎 + 𝑏 − 𝑎𝑏)∎(𝑎 + 𝑐 − 𝑎𝑐) 
                      = 𝑎 + 𝑏 − 𝑎𝑏 + 𝑎 + 𝑐 − 𝑎𝑐 + 1 
                      = 2𝑎 + 𝑏 + 𝑐 − 𝑎𝑏 − 𝑎𝑐 + 1………… . (𝐼𝐼)

(𝐼) (𝐼𝐼) ∗ ∎



𝐺 ∗

(𝐺,∗) :

 ∗

 ∗ 𝐺 (∀ 𝑎 ∈ 𝐺 ∶ 𝑎 ∗ 𝑒 = 𝑎)

 𝐺

 (𝐺,∗) ∗ (𝐺,∗)

(ℕ,+) (ℚ,+) (ℕ, ×) (ℤ, ×) (ℚ, ×) + ×

𝑍
𝑛𝑍⁄

𝑛 >  1

𝑍
𝑛𝑍⁄

𝑍
𝑛𝑍⁄  = {0̅, 1̅, 2̅, . . . , 𝑛 −  1̅̅ ̅̅ ̅̅ ̅̅ } �̅�

𝑝 𝑚𝑜𝑑𝑢𝑙𝑜 𝑛

�̅�  =  �̅�  ⟺  𝑝 − 𝑞 (𝑚𝑜𝑑 𝑛) = 0

• 𝑍
𝑛𝑍⁄ : �̅�  + �̅�  =  𝑝 +  𝑞̅̅ ̅̅ ̅̅ ̅̅ = 𝑝 + 𝑞 (𝑚𝑜𝑑 𝑛).

• 𝑍
𝑛𝑍⁄ : �̅�  ×  �̅�  =  𝑝 ×  𝑞̅̅ ̅̅ ̅̅ ̅̅ = 𝑝 × 𝑞 (𝑚𝑜𝑑 𝑛).

• �̅� −�̅�  =  −𝑘̅̅ ̅̅  =  𝑛 −  𝑘.̅̅ ̅̅ ̅̅ ̅̅ ̅

• �̅� �̅� × 𝑘−1̅̅ ̅̅ ̅ = 1̅ ⟺ 𝑘 × 𝑘−1̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 1̅

(𝑍 𝑛𝑍⁄ , +)

(ℤ 6ℤ⁄
∗
, ×) (ℤ 7ℤ⁄

∗
, ×)

(𝐺,∗)

𝐻 ⊂ 𝐺 𝐺 :  1.  ∀ 𝑥, 𝑦 ∈ 𝐻 ⟹ 𝑥 ∗ 𝑦 ∈ 𝐻 

                                                                                                                    2.  ∀ 𝑥 ∈ 𝐻 ⟹ 𝑥′  ∈ 𝐻



(ℤ, +)

𝐻 = 6ℤ ℤ

6ℤ = {… ;−12; −6;  0; 6 ; 12;… }

 ∀ 𝑥, 𝑦 ⟹ 𝑥 + 𝑦 ∈ 𝐻 
∀ 𝑥, 𝑦 ∈ 6ℤ ⟹ ∃ 𝑘,  𝑘′  ∈  ℤ 𝑥 = 6𝑘 𝑦 = 6𝑘′

𝑥, 𝑦 = 6(𝑘 + 𝑘′) = 6𝑘′′ 𝑥 +  𝑦 ∈  ℤ

 ∀ 𝑥 ∈ 𝐻 ⟹ 𝑥′ ∈ 𝐻 
∀ 𝑥 ∈ 6ℤ ⟹  𝑥 = 6𝑘 ⟹ 𝑥′ = −𝑥 = 6(−𝑘) = 6𝑘′′′ 𝑥′  ∈ 𝐻

𝐻 = 6ℤ ℤ

∗ ⊥ 𝐴

𝐴 :

 (𝐴,∗)

 ⊥

 ⊥ ∗

 ⊥ (𝐴,∗, ⊥)

 𝐴 ⊥ (𝐴,∗, ⊥)

(ℤ,+,×) (ℚ,+,×) (ℝ,+,×) (ℂ, +,×)

∗ ⊥ 𝕂

(𝕂,∗, ⊥)

 (𝕂,∗, ⊥)

 ∀ 𝑥 ∈ 𝕂 ∖ {𝑒1} , ∃ 𝑥
′ ∈  𝕂 ∶ 𝑥 ⊥  𝑥′ = 𝑥′ ⊥ 𝑥 = 𝑒2
𝑒1

⊥ (𝕂,∗, ⊥)



(ℝ,+, ×)

 (ℝ,+, ×)

 ∀ 𝑥 ∈ ℝ ∖ {𝑒1 = 0} , ∃ 𝑥
′ = 1 𝑥⁄  ∈  ℝ ∶ 𝑥 × 𝑥′ = 𝑥′ × 𝑥 = 1 = 𝑒2

(ℚ,+, ×)

(ℤ 7ℤ⁄ ,+, ×)

𝕂

𝕂 𝐸

 ∀ 𝑢, 𝑣 ∈ 𝐸 ∶ 𝑢 + 𝑣 = 𝑣 + 𝑢

 ∀ 𝑢, 𝑣, 𝑤 ∈ 𝐸 ∶ 𝑢 + (𝑣 + 𝑤) = (𝑣 + 𝑢) + 𝑤 =

𝑢 + 𝑣 + 𝑤

 ∃ 0𝐸 ∈ 𝐸 ∶  ∀ 𝑢 ∈ 𝐸 ∶ u + 0𝐸 = 𝑢

 ∀ 𝑢 ∈  𝐸,

∃ 𝑢′ E ∶  𝑢 +  𝑢′ = 𝑢 + (−𝑢) = 0𝐸
 ∀ 𝜆, 𝜇 ∈ 𝕂, 𝑢 ∈ 𝐸 ∶ λ . (𝜇. 𝑢 ) = λ . 𝜇(𝑢)

 1𝕂 ∶  ∀ 𝑢 ∈  𝐸 ∶

𝑢 . 1𝕂 = 𝑢
 

 ∀ 𝜆 ∈ 𝕂, 𝑢, 𝑣 ∈ 𝐸 ∶ λ . (𝑢 + 𝑣 ) = λ . 𝑢 + λ . 𝑣
 ∀ 𝜆, 𝜇 ∈ 𝕂, 𝑢 ∈ 𝐸 ∶ (λ + 𝜇). 𝑢 = λ . 𝑢 + 𝜇 . 𝑢

𝕂 𝕂

𝒟 ℝ3

{
𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 = 0
𝑒𝑥 + 𝑓𝑦 + 𝑔𝑧 = 0



𝐸 𝕂

𝐹 𝐸

 0𝐸  ∈ 𝐹.
 𝑢 +  𝑣 ∈  𝐹 𝑢, 𝑣 ∈  𝐹

 𝜆 𝑢 ∈  𝐹 𝜆 ∈  𝕂 𝑢 ∈  𝐹

ℚ ℝ

𝐹 = {(𝑥, 𝑦)  ∈  ℝ2 | 𝑥 +  𝑦 =  0} ℝ2  

 ℚ ℝ

 𝐹

ℝ2

𝐸 𝕂 𝐹 𝐸 𝐹

𝕂 𝐸

𝑣1, 𝑣2, . . . , 𝑣𝑛 𝑛

𝐸.

𝑢 =  𝜆1𝑣1  +  𝜆2𝑣2 +⋯+ 𝜆𝑛𝑣𝑛 𝜆1, 𝜆2, … , 𝜆𝑛
𝕂 𝑣1, 𝑣2, . . . , 𝑣𝑛.

𝜆1, 𝜆2, . . . , 𝜆𝑛 

𝑛 =  1 𝑢 =  𝜆1𝑣1 𝑢 𝑣1

𝑢 = (
9
1
) 𝑣1 = (

4
1
) 𝑣2 =

(
1
1
) 𝜆1 =

8

3
𝜆2 =

−5

3
𝑢 =

8

3
𝑣1 +

−5

3
𝑣2



{𝑣1, 𝑣2, . . . , 𝑣𝑝} 𝐸

𝜆1𝑣1  + ⋯+ 𝜆𝑝𝑣𝑝 = 0 𝜆1 = 𝜆2 = ⋯ = 𝜆𝑝 = 0

𝜆1𝑣1  + ⋯+ 𝜆𝑝𝑣𝑝 = 0 ⟺ ∀𝑖 ∈ {1,… , 𝑝} ∶  𝜆𝑖 = 0

{(
1
5
) , (

3
3
)}

𝜆1 (
1
5
) + 𝜆2 (

3
3
) = 0 ⟺ {

𝜆1 + 3𝜆2 = 0
5𝜆1 + 3𝜆2 = 0

⟺ 𝜆1 = 0 ∧ 𝜆2 = 0

𝐸 𝕂

ℱ = {𝑣1, 𝑣2, . . . , 𝑣𝑝} 𝑝 ≥  2 𝐸

ℱ

ℱ

𝑃1(𝑋) =  1 −  𝑋 𝑃2(𝑋) =  5 +  3𝑋 −  2𝑋
2 𝑃3(𝑋) =  1 +  3𝑋 − 𝑋

2

ℝ[𝑋] 3𝑃1(𝑋) − 𝑃2(𝑋)  +  2𝑃3(𝑋)  =  0.

𝑎 {(
1
𝑎
) , (

9
4
)}

𝑣1, 𝑣2, . . . , 𝑣𝑝 𝐸

{𝑣1, 𝑣2, . . . , 𝑣𝑝} 𝐸 𝕂

𝐸 𝑣1, 𝑣2, . . . , 𝑣𝑝
 ∀ 𝑣 ∈ 𝐸 , ∃ 𝜆1, … , 𝜆𝑝 ∈  𝕂 ∶  𝑣 =  𝜆1𝑣1  + ⋯+ 𝜆𝑝𝑣𝑝
{𝑣1, 𝑣2, . . . , 𝑣𝑝} 𝐸

{(
1
0
) , (

0
1
) , (

1
1
)} ℝ2

𝑢 ∈ ℝ2 ⇔ 𝑢 = (
𝑥
𝑦) ⇔ (

𝑥
𝑦) = 𝑥 (

1
0
) + 𝑦 (

0
1
) + 0 (

1
1
) , ∀ 𝑢 ∈ ℝ2



𝐸 𝕂

ℬ =  (𝑣1, 𝑣2, . . . , 𝑣𝑛) 𝐸 𝐸 ℬ

𝑣 ∈  𝐸

ℬ

∀ 𝑣 ∈ 𝐸 , ∃! 𝜆1, … , 𝜆𝑝 ∈  𝕂 ∶  𝑣 =  𝜆1𝑣1  + ⋯+ 𝜆𝑝𝑣𝑝

ℬ = ((1 2 1), (2 9 0), (3 3 4) ) ℝ3.

ℬ ℝ3

𝐸

𝑑𝑖𝑚 𝐸 𝐸

{0

 ℝ2 ((
1
0
) , (

0
1
)) ℝ2

 ((
2
1
) , (

1
1
)) ℝ2

• ℝ[𝑋] :

• ℱ(ℝ,ℝ) : ℝ ℝ

𝑚 𝑛

𝑚 × 𝑛 𝑚



𝑛

𝐴 𝑎𝑖𝑗 1 ≤ 𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛

(

𝑎11 𝑎12
𝑎21 𝑎22

⋯ ⋯ 𝑎1𝑛
⋯ ⋯ 𝑎2𝑛

⋮ ⋮
𝑎𝑚1 𝑎𝑚2

  ⋮
⋯ ⋯ 𝑎𝑚𝑛

)

𝐴 ∈ 𝑀𝑚×𝑛(ℝ)

𝐴 𝑚 × 𝑛 ℝ

𝑀 = (
5 12 −3 1
3 9 0 −2

) 2 × 4 ℤ

𝑀 ∈ 𝑀2×4(ℤ)

𝐴 = (

3 −𝑖 2
6
14

9 + 15𝑖

55
10
0

5
0

5 − 𝑖

) 4 × 3

ℂ

𝐴 ∈ 𝑀4×3(ℂ)

 𝑎𝑖𝑗
 𝐴 𝐴 (𝑎𝑖𝑗).

𝐴 = (𝑎𝑖𝑗) 𝐵 = (𝑏𝑖𝑗)

 

 𝑎𝑖𝑗 = 𝑏𝑖𝑗 1 ≤ 𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛

𝐴 𝐵



𝐴 = (
1 2 5
9 −1 0
𝑖 3 6

) 𝐵 = (
1 2 5
9 −1 0
𝑖 3 6

)

3 × 3 𝑎𝑖𝑗 = 𝑏𝑖𝑗  ∀ 1 ≤ 𝑖, 𝑗 ≤ 3

𝐴 = (𝑎𝑖𝑗) 𝐵 = (𝑏𝑖𝑗) 1 ≤ 𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛
𝐴 + 𝐵 𝐶 𝐶 = (𝑐𝑖𝑗) 𝑐𝑖𝑗 = 𝑎𝑖𝑗 + 𝑏𝑖𝑗 1 ≤ 𝑖 ≤

𝑚 1 ≤ 𝑗 ≤ 𝑛

 𝐴 + 𝐵 = 𝐵 + 𝐴

 (𝐴 + 𝐵) + 𝐶 = 𝐴 + (𝐵 +

𝐶)

𝐴 = (
1 17
6 5

23 6
33 8

) 𝐵 = (
18 36
20 4

7 10
6 29

) 𝐴 + 𝐵 = 𝐶 = (
19 53
26 9

30 16
39 37

)

𝐴 = (𝑎𝑖𝑗) 𝐵 = (𝑏𝑖𝑗) 1 ≤ 𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛

𝐴 − 𝐵 𝐶 𝐶 = (𝑐𝑖𝑗) 𝑐𝑖𝑗 = 𝑎𝑖𝑗 − 𝑏𝑖𝑗 1 ≤

𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛

𝐴 = (
15 −9
8 10

) 𝐵 = (
−1 2
7 10

) 𝐴 − 𝐵 = 𝐶 = (
16 −11
1 0

)

𝐴 = (𝑎𝑖𝑗) 𝑚 × 𝑛 𝛼

𝛼 𝐴 𝛼𝐴

𝐴 𝛼

𝛼𝐴 =  (𝛼 × 𝑎𝑖𝑗) 1 ≤ 𝑖 ≤ 𝑚 1 ≤ 𝑗 ≤ 𝑛



𝐴 = (
12 5 2
1 17 9

) 𝛼 = 5

𝛼𝐴 = 5 × (
12 5 2
1 17 9

) = (
5 × 12 5 × 5 5 × 2
5 × 1 5 × 17 5 × 9

)  = (
60 25 10
5 85 45

)

𝐴 𝐵 𝛼 𝛽

 𝛼𝐴 = 𝐴𝛼

 𝛼(𝛽𝐴) = (𝛼𝛽)𝐴

 (𝛼 + 𝛽)𝐴 = 𝛼𝐴 + 𝛽𝐴

 𝛼(𝐴 + 𝐵) =  𝛼𝐴 + 𝛼𝐵

𝐴 = 𝑎𝑖𝑘 𝑚 × 𝑙 𝐵 = 𝑏𝑘𝑗 𝑙 × 𝑛

𝐴 𝐵

𝐴 × 𝐵 𝐶 𝑚 × 𝑛

𝑐𝑖𝑗

𝑐𝑖𝑗 = ∑𝑎𝑖𝑘 × 𝑏𝑘𝑗

𝑙

𝑘=1

[

𝑎11 ⋯ 𝑎1𝑙
𝑎21
⋮

⋯
 

𝑎2𝑙
⋮

𝑎𝑚1 ⋯ 𝑎𝑚𝑙

]

𝑚×𝑙

× [
𝑏11 𝑏12 ⋯ ⋯ 𝑏1𝑛
⋮ ⋮        ⋮
𝑏𝑙1 𝑏𝑙2 ⋯ ⋯ 𝑏𝑙𝑛

]

𝑙×𝑛

= [

𝑐11 𝑐12 … … 𝑐1𝑛
𝑐21 𝑐22 … … 𝑐2𝑛
⋮
𝑐𝑚1

⋮
𝑐𝑚2

 
…

 
…

⋮
𝑐𝑚𝑛

]

𝑚×𝑛

𝐴 1 × 3 𝐵 3 × 2

𝐴 = [1 2 0] 𝐵 = (
0 5
−3 2
7 10

) 𝐴 × 𝐵 = [−6 9]

𝐴 3 × 5 𝐵 5 × 4



𝐴 = (
1
0
1

2
1
−2

0
2
0

0
2
1

−1
1
0
) 𝐵 =

(

 
 

0
2
1

2
0
3

1
2
2

0
3
2

1
1

0
3

3
0

1
3)

 
 

𝐴 × 𝐵 = (
3
7
−3

−1
9
2

5
12
0

3
12
−5
)

𝐴, 𝐵 𝐶

 (𝐴𝐵)𝐶 =  𝐴 (𝐵𝐶).
 𝐴(𝐵 + 𝐶)  =  𝐴𝐵 + 𝐴𝐶.
 (𝐵 + 𝐶)𝐴 =  𝐵𝐴 + 𝐶𝐴.
 𝐴 𝑛 × 𝑛 𝐴 × 𝐼𝑛 = 𝐼𝑛 × 𝐴 = 𝐴.

 𝐴𝐵 ≠ 𝐵𝐴

 𝐴𝐵 = 0 ⇏ 𝐴 = 0 ∨ 𝐵 = 0

𝐴 𝐵

𝐴 = (
5 1
2 0

) 𝐵 = (
0 1
1 1

) 𝐴 × 𝐵 = (
1 6
0 2

) 𝐵 × 𝐴 = (
2 0
7 1

)

𝐴 𝐵

𝐴 = (
0 0
1 0

) 𝐵 = (
0 0
2 0

) 𝐴 × 𝐵 = (
0 0
0 0

)

(
𝑎 1 𝑐
1 𝑏 1

) × (
1
2
3
) (

8 2
9 0

) × (
1 9 3
2 5 4

) (
1 8
11 56
2 3

) ×

(
45 6 3
1 5 10
3 66 21

)

𝑛

𝑚 =  𝑛



𝐴 = (

𝑎11 𝑎12
𝑎21 𝑎22

… 𝑎1𝑛
… 𝑎2𝑛

⋮ ⋮
𝑎𝑛1 𝑎𝑛2

⋱ ⋮
… 𝑎𝑛𝑛

)

𝑎11, 𝑎22, … , 𝑎𝑛𝑛

𝐴 = (

6 9 −1

2.5 14
6

5

5 1.3 1.5

) 3 ℝ

𝑚 𝑛

𝐴 = (

0 0
0 0

⋯ ⋯ 0
⋯ ⋯ 0

⋮ ⋮
0 0

  ⋮
⋯ ⋯ 0

)

∀𝑎𝑖𝑗 ∈ 𝐴, 𝑎𝑖𝑗 = 0 𝑎𝑣𝑒𝑐 1 ≤ 𝑖 ≤ 𝑚 𝑒𝑡 1 ≤ 𝑗 ≤ 𝑛

𝐴 𝐴 =  0

𝐴 = (
0 0
0 0

)

𝑛

𝐼

𝐴 = (

1 0
0 1

… 0
⋱ ⋮

⋮ ⋱
0 …

⋱ 0
0 1

)

𝑎𝑖𝑗 = {
1 𝑠𝑖 𝑖 = 𝑗
0 𝑠𝑖 𝑖 ≠ 𝑗

∀ 1 ≤ 𝑖 ≤ 𝑛, 𝑒𝑡 1 ≤ 𝑗 ≤ 𝑛



𝑛 × 𝑛 𝐼𝑛

𝐼3 = (
1 0 0
0 1 0
0 0 1

) 3 × 3

𝐴 𝑛 × 𝑛

𝐴

𝑖 ≠  𝑗 ⟹  𝑎𝑖𝑗  =  0

: 𝐴 = (

𝑎11 0
0 𝑎22

… 0
⋱ ⋮

⋮    ⋱
0     …

⋱ 0
0 𝑎𝑛𝑛

)

𝑈

𝑈 = (
2 0 0
0 1 0
0 0 4

)

𝐴 𝑛 × 𝑛

𝐴

𝑖 >  𝑗 ⟹  𝑎𝑖𝑗  =  0

: 𝐴 =

(

𝑎11 𝑎12
0 𝑎22

… 𝑎1𝑛
… 𝑎2𝑛

⋮    ⋮
0     0

⋱ ⋮
… 𝑎𝑛𝑛

)

𝑈

𝑈 = (
1 5 0
0 1 3
0 0 4

)



𝐴 𝑛 × 𝑛

𝐴

𝑖 <  𝑗 ⟹  𝑎𝑖𝑗  =  0

: 𝐴 =

(

𝑎11 0
𝑎21 𝑎22

… 0
… 0

⋮ ⋮
𝑎𝑛1 𝑎𝑛2

⋱ ⋮
… 𝑎𝑛𝑛

)

𝐿

𝐿 = (

6 0

9 √7
0 0
0 0

3 + 𝑖 4
6 0

5 0
7 1

)

𝐴 𝑚 × 𝑛

𝐴 𝑛 ×𝑚

𝐴𝑇 𝐴

(𝐴𝑇)𝑇 = 𝐴

𝐴 = (

𝑎11 𝑎12 … … 𝑎1𝑛
𝑎21 𝑎22 … … 𝑎2𝑛
⋮
𝑎𝑚1

⋮
𝑎𝑚2

 
…

 
…

⋮
𝑎𝑚𝑛

)⟺ 𝐴𝑇 =

(

 
 

𝑎11
𝑎12

𝑎21
𝑎22

⋯
⋯

𝑎𝑚1
𝑎𝑚2

⋮
⋮
𝑎1𝑛

⋮
⋮
𝑎2𝑛

 
 
…

⋮
⋮
𝑎𝑚𝑛)

 
 

𝐴

𝐴 = (
2 1
4 5
5 1

) ⟺ 𝐴𝑇 = (
2 4 5
1 5 1

)

𝐴 𝑛 × 𝑛

A 𝐴 =  𝐴𝑇: 𝑎𝑖𝑗 = 𝑎𝑗𝑖  ∀𝑖, 𝑗 = 1, … , 𝑛



𝐴

𝐴 = (
1 7 8
9 2 9
8 7 3

)

𝐴 𝐴 = 𝐴𝑇

𝐵 𝐵. 𝐵𝑇 𝐵𝑇 . 𝐵

𝐴 𝑛 × 𝑛

A  𝐴𝑇 = −𝐴

𝑎𝑖𝑗 = −𝑎𝑗𝑖   ∀𝑖, 𝑗 = 1,… , 𝑛

𝐴

𝐴 = (
0 −6 6
6 0 −8
−6 8 0

)

𝐴 𝐴𝑇 = −𝐴

𝐴 𝑛

𝐴

𝐴

𝑡𝑟(𝐴) = 𝑎11 + 𝑎22 +⋯+ 𝑎𝑛𝑛.

𝐴 = (
1 5
3 6

) ⟹ 𝑡𝑟(𝐴) = 1 + 6 = 7 𝐵 = [
1 6 1
4 −7 3
9 5 8

] ⟹ 𝑡𝑟(𝐵) = 1 − 7 + 8 = 2

𝐴 𝐵 𝑛

 𝑡𝑟(𝐴 + 𝐵) = 𝑡𝑟(𝐴) + 𝑡𝑟(𝐵)



 𝑡𝑟(𝛼𝐴) = 𝛼. 𝑡𝑟(𝐴) 𝑎𝑣𝑒𝑐 𝛼 ∈ 𝕂

 𝑡𝑟(𝐴𝑇) = 𝑡𝑟(𝐴)

 𝑡𝑟(𝐴𝐵) = 𝑡𝑟(𝐵𝐴).

𝐴 𝑛

𝐴 𝑑𝑒𝑡(𝐴)

 𝑛 = 1, 𝑑𝑒𝑡(𝐴) = 𝑎11

 𝑛 = 2, 𝐴 = (
𝑎11 𝑎12
𝑎21 𝑎22

) ⟺ det(𝐴) = |
𝑎11 𝑎12
𝑎21 𝑎22

| = 𝑎11 × 𝑎22 − 𝑎21 × 𝑎12

 𝑛 > 2, det(𝐴) = ∑ (−1)𝑖+𝑗 × 𝑎𝑖𝑗 × det (𝐴𝑖𝑗)
𝑛
𝑗=1 1 ≤ 𝑖 ≤ 𝑛

𝐴𝑖𝑗 𝐴 𝑖𝑖
′𝑒𝑚𝑒

𝑗𝑖
′𝑒𝑚𝑒  𝐴

𝐴 

𝐴 = (
1 2
3 4

) ⟺ det(𝐴) = |
1 2
3 4

| = 1 × 4 − 3 × 2 = 4 − 6 = −2

𝐴 

𝐴 = (
2 5 −4
6 0 1
9 10 4

) ⟺ |
2 5 −4
6 0 1
9 10 4

|

= 2 × |
0 1
10 4

| − 5 |
6 1
9 4

| + (−4) |
6 0
9 10

|

𝑑𝑒𝑡(𝐴) = 2 × (0 × 4 − 10 × 1) − 5 × (6 × 4 − 9 × 1) + (−4)(6 × 10 − 9 × 0) = −335



𝐴 = (
1 0 0
0 7 0
0 0 −3

) 𝐵 = (
2 𝑎 −4
0 7 1
𝑏 0 𝑐

) 𝐶 = (
0
1

5
6

7
9
)  𝐷 = (

1 −5
4 9

2 5
10 0

0 0
3 −1

1 1
4 12

)

𝐴 𝑛

𝐴 𝐵 𝐴 × 𝐵 = 𝐵 × 𝐴 =

 𝐼𝑛.

𝐴 𝐴−1 =
1

det (𝐴)
× 𝐶𝑇

𝐴 𝐶 = (−1)𝑖+𝑗𝑀𝑖𝑗 1 ≤ 𝑖, 𝑗 ≤ 𝑛 𝑀𝑖𝑗
(𝑛 − 1) × (𝑛 − 1) 𝐴

𝑖𝑖
′𝑒𝑚𝑒 𝑗𝑖

′𝑒𝑚𝑒 𝐴

 

 𝑑𝑒𝑡(𝐴) ≠ 0 ⟺ 𝐴−1

 𝐼𝑛 𝐼𝑛

 𝐴

 𝐴 𝐴−1 (𝐴−1)−1 = 𝐴

𝐴

𝐴 = (
1 2
0 1

) ⟺ 𝐴−1 = (
1 −2
0 1

)

𝐴 = (
1 2 3
4 5 6
7 8 9

) 𝐵 = (
2 4 −4
0 7 1
1 0 7

)  𝐶 = (
𝑎 𝑏
−𝑎 −𝑏

) 𝐷 = (

1 −5
4 9

2 5
10 0

0 0
3 −1

1 1
4 12

)

𝐴 𝐵 𝑀𝑛(𝕂)



𝐵 𝐴 𝐴 𝐵

𝑃 ∈ 𝑀𝑛(𝕂) 𝐵 =  𝑃−1𝐴𝑃.

A B M2(ℝ)

𝐴 = (
1 2
0 1

) 𝐵 = (
15 2
−98 −13

)

𝐴 𝐵 𝑃 =

(
1 0
7 1

) 𝐵 =  𝑃−1𝐴𝑃

𝐴 𝐵

𝐴 ∈  𝑀𝑛(𝕂)

𝜆 𝐴 𝑋 ∈ 𝕂𝑛

𝐴𝑋 =  𝜆𝑋 𝑋 𝐴 𝜆

𝜆 𝑣𝑎𝑙𝑒𝑢𝑟 𝑝𝑟𝑜𝑝𝑟𝑒 𝑑𝑒 𝐴 ⟺ ∃𝑋 ∈ (𝐾𝑛)∗ ∶  𝐴𝑋 =  𝜆𝑋. 
𝑋 𝑣𝑒𝑐𝑡𝑒𝑢𝑟 𝑝𝑟𝑜𝑝𝑟𝑒 𝑑𝑒 𝐴 ⟺ ∃𝜆 ∈ ℂ ∶  𝐴𝑋 =  𝜆𝑋. 

 𝐴 = (
6 3
5 8

)

𝜆 = 3 𝐴.

𝜆 𝑣𝑎𝑙𝑒𝑢𝑟 𝑝𝑟𝑜𝑝𝑟𝑒 𝑑𝑒 𝐴 ⟺ ∃𝑋 ∈ (𝐾𝑛)∗ ∶  𝐴𝑋 =  𝜆𝑋 (
6 3
5 8

) (
𝑥
𝑦) = 𝜆 (

𝑥
𝑦)  

{
6𝑥 + 3𝑦 = 3𝑥
5𝑥 + 8𝑦 = 3𝑦

⟹ {
3𝑥 + 3𝑦 = 0
5𝑥 + 5𝑦 = 0

⟹ 𝑦 = −𝑥 ⟹ {(
𝑥
−𝑥
) /𝑥 ∈ ℝ}

(
1
−1
)

𝜆 = 3

𝑋 = (1 5/3)𝑡 𝐴

𝑋 𝑣𝑒𝑐𝑡𝑒𝑢𝑟 𝑝𝑟𝑜𝑝𝑟𝑒 𝑑𝑒 𝐴 ⟺ ∃𝜆 ∈ ℂ ∶  𝐴𝑋 =  𝜆𝑋 (
6 3
5 8

) (
1
5/3

) = 𝜆 (
1
5/3

)



𝐴𝑋 = (
11
55/3

) ⟹ 𝜆 = 11.

𝜆 = 11 𝐴𝑋 =  𝜆𝑋 𝜆 = 11

𝑋.

𝜆1, 𝜆2, … , 𝜆𝑛 𝐴

 𝜆1 + 𝜆2 + …+ 𝜆𝑛 = 𝑡𝑟(𝐴)

 𝜆1 × 𝜆2 × …× 𝜆𝑛 = 𝑑𝑒𝑡 (𝐴)

𝐴 ∈  𝑀𝑛(𝕂)

𝑝(𝜆) = 𝑑𝑒𝑡 (𝐴 − 𝜆𝐼) 𝐴

𝜆 𝑒𝑠𝑡 𝑢𝑛𝑒 𝑣𝑎𝑙𝑒𝑢𝑟 𝑝𝑟𝑜𝑝𝑟𝑒 𝑑𝑒 𝐴 ⟹ 𝑝(𝜆) = 0

𝐴 = (
1 2 3
0 5 6
0 0 9

)

𝑝(𝜆) = 𝑑𝑒 𝑡(𝐴 − 𝜆𝐼) = |
1 − 𝜆 2 3
0 5 − 𝜆 6
0 0 9

| = 9(1 − 𝜆)(5 − 𝜆) = 9𝜆2 − 54𝜆 + 45

𝐴

𝐴 ∈  𝑀𝑛(𝕂)

 𝐴 𝑛

 𝐴 𝐴

𝐴, 𝐵 ∈  𝑀𝑛(𝕂)

𝐴 𝐵

A B M2(ℝ)

𝐴 = (
1 2
0 1

) 𝐵 = (
15 2
−98 −13

)

𝐴 𝐵



𝐴 𝐵

𝐸 𝐹 𝕂

𝑓 𝐸 𝐹

1. 𝑓 (𝑢 +  𝑣) =  𝑓 (𝑢) +  𝑓 (𝑣), 𝑝𝑜𝑢𝑟 𝑡𝑜𝑢𝑠 𝑢, 𝑣 ∈ 𝐸. 
2. 𝑓 (𝜆𝑢) =  𝜆𝑓(𝑢), 𝑝𝑜𝑢𝑟 𝑡𝑜𝑢𝑡 𝑢 ∈ 𝐸 𝑒𝑡 𝑡𝑜𝑢𝑡 𝜆 ∈ 𝕂. 

𝐸 𝐹 (𝐸, 𝐹).

𝐸 𝐹 𝕂 𝑓 𝐸

𝐹

𝑓(𝐸) 𝑓 𝐼𝑚 𝑓

𝐸 𝐹 𝕂 𝑓 𝐸

𝐹

𝑓 𝐾𝑒𝑟( 𝑓 ) 𝐸

0𝐹
𝐾𝑒𝑟( 𝑓 ) = {𝑥 ∈ 𝐸 ∶ 𝑓(𝑥) = 0𝐹}

𝐸 𝐹 𝕂 𝑝

𝑛 ℬ =  (𝑒1, . . . , 𝑒𝑝) 𝐸 ℬ′ = ( 𝑓1, . . . , 𝑓𝑛)

𝐹 𝑓 ∶  𝐸 ⟶  𝐹

 𝑓(𝑒1) 𝑓(𝑒2) … 𝑓(𝑒𝑗) … 𝑓(𝑒𝑝)

𝑓1
𝑓2
⋮
𝑓𝑛

(

𝑎11
𝑎21

𝑎12
𝑎22

…
…

𝑎1𝑗
𝑎2𝑗

…
…

𝑎1𝑝
𝑎2𝑝

⋮
𝑎𝑛1

⋮
𝑎𝑛2

      
⋯

⋮
𝑎𝑛𝑗

       
⋯

⋮
𝑎𝑛𝑝

)

𝑓 ℬ ℬ′

𝑀𝑎𝑡ℬ,ℬ′( 𝑓 ) = (𝑎𝑖𝑗)  ∈  𝑀𝑛,𝑝(𝕂)

𝑓 ℬ ℬ′



𝑓

𝑓 ∶  ℝ3⟶ℝ2

(𝑥, 𝑦, 𝑧) ⟼ (𝑥 + 𝑦 − 𝑧, 𝑥 − 2𝑦 + 3𝑧)
ℬ =  (𝑒1, 𝑒2, 𝑒3) ℝ3 ℬ′ = ( 𝑓1, 𝑓2)

ℝ2

𝑀𝑎𝑡ℬ,ℬ′( 𝑓 )

𝑒1 = (1 0 0) ⟹ 𝑓(𝑒1) = (1 1) = 𝑓1 + 𝑓2
𝑒2 = (0 1 0) ⟹ 𝑓(𝑒2) = (1 −2) = 𝑓1 − 2𝑓2
𝑒3 = (0 0 1) ⟹ 𝑓(𝑒3) = (−1 3) = 𝑓1 + 𝑓2

𝑀𝑎𝑡ℬ,ℬ′( 𝑓 ) = (
1 1 −1
1 −2 3

)

𝑓

𝑓 ∶  ℝ3⟶ℝ2

(𝑥, 𝑦, 𝑧) ⟼ (𝑥 + 𝑦 − 𝑧, 𝑥 − 2𝑦 + 3𝑧)
𝒜 = (𝜙1, 𝜙2, 𝜙3) = ((1 1 0), (1 0 1), (0 1 1)) ℝ3

𝒜′ = (𝜎1 , 𝜎2) = ((1 0), (1 1)) ℝ2

𝑀𝑎𝑡𝒜,𝒜′( 𝑓 )

𝜙1 = (1 1 0) ⟹ 𝑓(𝜙1) = (2 −1) = 3𝜎1 − 𝜎2
𝜙2 = (1 0 1) ⟹ 𝑓(𝜙2) = (0 4) = −4𝜎1 + 4𝜎2
𝜙3 = (0 1 1) ⟹ 𝑓(𝜙3) = (0 1) = −𝜎1 + 𝜎2

𝑀𝑎𝑡𝒜,𝒜′( 𝑓 ) = (
3 −4 −1
−1 4 1

)

𝑓 , 𝑔 ∶  𝐸 ⟶  𝐹 ℬ 𝐸 ℬ′

𝐹

 𝑀𝑎𝑡ℬ,ℬ′( 𝑓 )

 𝑀𝑎𝑡ℬ,ℬ′( 𝑓 + 𝑔) = 𝑀𝑎𝑡ℬ,ℬ′( 𝑓 ) + 𝑀𝑎𝑡ℬ,ℬ′( 𝑔 )

 𝑀𝑎𝑡ℬ,ℬ′(𝜆 𝑓 ) = 𝜆.𝑀𝑎𝑡ℬ,ℬ′( 𝑓 )

𝑓: 𝐸 ⟶  𝐹 𝑔: 𝐹 ⟶  𝐺 ℬ

𝐸 ℬ′ 𝐹 ℬ′′  ∶ 𝑀𝑎𝑡ℬ,ℬ′( 𝑓 ∘ 𝑔) = 𝑀𝑎𝑡ℬ′,ℬ′′( 𝑔) ×

𝑀𝑎𝑡ℬ,ℬ′( 𝑓 )



𝑓

𝑓 ∶  ℝ3⟶ℝ3

(𝑥, 𝑦, 𝑧) ⟼ (2𝑥 − 4𝑧, 3𝑦, 5𝑥 + 𝑦 + 𝑧)

 ℝ3

 

𝑉 𝕂

𝑉 ‖. ‖: 𝑉 ⟶  ℝ

 ‖𝑣‖ = 0 ⟹ 𝑣 = 0 ‖𝑣‖ ≥ 0 , ∀ 𝑣 ∈ 𝑉

 ‖𝛼𝑣‖ = |𝛼|. ‖𝑣‖ 𝛼 ∈ 𝕂 𝑣 ∈ 𝑉

 ‖𝑢 + 𝑣‖ ≤ ‖𝑢‖ + ‖𝑣‖ ∀ 𝑢, 𝑣 ∈ 𝑉

𝑝
𝑉 𝕂

𝑝 > 0 𝑣 ∈ 𝑉.

𝑝 𝑣 : ‖𝑣‖𝑝 = (|𝑣1|
𝑝 + |𝑣2|

𝑝 +⋯ |𝑣𝑛|
𝑝)

1

𝑝 =

(∑ |𝑣𝑖|
𝑝𝑛

𝑖=1 )
1

𝑝

𝑝 = 1 ‖𝑣‖1 = (|𝑣1|
1 + |𝑣2|

1 +⋯ |𝑣𝑛|
1)
1

1 = ∑ |𝑣𝑖|
𝑛
𝑖=1

1, 2 𝑒𝑡 ∞
𝑉

‖𝑣‖1 = ∑ |𝑣𝑖|
𝑛
𝑖=1

‖𝑣‖2 = (∑ |𝑣𝑖|
2𝑛

𝑖=1 )
1

2

‖𝑣‖∞ = max
𝑖
|𝑣𝑖|



𝑣 = (3 4 − 3𝑖 1) ‖𝑣‖1 = 9 ‖𝑣‖2 = √35 ‖𝑣‖∞ = 5

1, 2 𝑒𝑡 ∞ 𝑢 = (1 −5𝑖 10) 𝑣 =
(7 3𝑖)

ℂ𝑚,𝑛 ℝ

 ‖𝐴‖ = 0 ⟹ 𝐴 = 0 ‖𝐴‖ ≥ 0 , ∀ 𝑣 ∈ 𝑉

 ‖𝛼𝐴‖ = |𝛼|. ‖𝑣𝐴‖ 𝛼 ∈ 𝕂 𝑣 ∈ ℂ𝑚,𝑛

 ‖𝐴 + 𝐵‖ ≤ ‖𝐴‖ + ‖𝐵‖ ∀ 𝐴, 𝐵 ∈ ℂ𝑚,𝑛

 ‖𝐴𝐵‖ ≤ ‖𝐴‖. ‖𝐵‖

𝑝
𝑝 > 0 𝐴 ∈ ℂ𝑚,𝑛.

𝑝 𝐴

‖𝐴‖𝑝 = sup
‖𝐴𝑥‖𝑝
‖𝑥‖𝑝

= max
‖𝑥‖𝑝=1

‖𝐴𝑥‖𝑝

1, 2 𝑒𝑡 ∞

‖𝐴‖1 = max
𝑗
∑ |𝑎𝑖𝑗|𝑖

‖𝐴‖2 = √𝜆𝑚𝑎𝑥(𝐴
𝑇𝐴)

‖𝐴‖∞ = max
𝑖
∑ |𝑎𝑖𝑗|𝑗

𝐴 =
1

√3
(
3 −1

0 √8
) ‖𝐴‖1 =

1

√3
+
√8

√3
‖𝐴‖2 = 2 = ‖𝐴‖∞ =

4

√3



𝐴 ∈ ℂ𝑛.

‖𝐴‖𝐹 = √𝑡𝑟(𝐴
𝑇𝐴)

𝐴 =
1

√3
(
3 −1

0 √8
) ‖𝐴‖𝐹 = √6

𝑉

𝑥, 𝑦

 ⟨𝑥|𝑥⟩  ≥ 0 ⟨𝑥|𝑥⟩ = 0 ⟺ 𝑥 = 0

 ⟨𝑥|𝛼𝑦⟩ = 𝛼⟨𝑥|𝑦⟩ ∀𝛼 ∈ 𝕂.

 ⟨𝑥|𝑦 + 𝑧⟩ = ⟨𝑥|𝑦⟩ + ⟨𝑥|𝑧⟩

 ⟨𝑥|𝑦⟩ = ⟨𝑦|𝑥⟩

⟨𝐴|𝐵⟩ = 𝑡𝑟(𝐴𝑇𝐵)

⟨𝐴|𝐵⟩ = 𝑡𝑟(𝐴𝑇𝐵)

𝑉 ⟨𝑥|𝑦⟩ ‖𝑥‖ = √⟨𝑥|𝑥⟩

𝑉

 



 
 
 

 
 


