


 



𝑛, (𝑛 ∈ ℕ),
𝐴𝑥 = 𝑏  

𝐴 𝑛 𝑛 × 𝑛

𝑎𝑖𝑗 1 ≤ 𝑖, 𝑗 ≤ 𝑛

𝑛 𝑏𝑖 1 ≤ 𝑖 ≤ 𝑛,

𝑥 𝑛 𝑥𝑖 1 ≤ 𝑖 ≤

𝑛

𝐴𝑥 = 𝑏

𝐴𝑥 = 𝑏 ⟺ (

𝑎11 𝑎12
𝑎21 𝑎22

… 𝑎1𝑛
… 𝑎2𝑛

⋮ ⋮
𝑎𝑛1 𝑎𝑛2

⋱ ⋮
… 𝑎𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

) = (

𝑏1
𝑏2
⋮
𝑏𝑛

) 

𝑛

𝑛 𝑥1, 𝑥2, … , 𝑥𝑛.

{

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2

⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

∑ 𝑎𝑖𝑗𝑥𝑗 = 𝑏𝑖  
𝑛
𝑗=1 𝑖 = 1…𝑛



𝐴𝑥 = 𝑏 ⟺ (

1 −3

√5 0
0 4𝑖
16 1

𝑒 −8
1 6

7 0
𝜋 4

)(

𝑥1
𝑥2
𝑥3
𝑥4

) = (

15
1 − 3𝑖
0
6

) ⇔

{
 

 
1𝑥1 − 3𝑥2 + (4𝑖)𝑥4 = 15

√5𝑥1 + 16𝑥3 + 1𝑥4 = 1 − 3𝑖
(𝑒)𝑥1 − 8𝑥2 + 7𝑥4 = 0

1𝑥1 + 6𝑥2 + 𝜋𝑥3 + 4𝑥4 = 6

 𝐴 𝐴 = (𝑎𝑖𝑗), 1 ≤ 𝑖, 𝑗 ≤ 𝑛

 𝑏 𝑏 = (𝑏𝑖), 1 ≤ 𝑖 ≤ 𝑛

 𝑥 𝑥 = (𝑥𝑖), 1 ≤ 𝑖 ≤ 𝑛

𝐴 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑛  𝑎𝑖𝑗 = 0 𝑖 ≠ 𝑗 𝑎𝑖𝑖 ≠ 0 ∀ 𝑖 = 1…𝑛

𝐴𝑥 = 𝑏 ⟺ (

𝑎11  0      ⋯ 0
0
⋮

𝑎22   0
⋱    ⋱

⋮
0

0  ⋯     0 𝑎𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

) = (

𝑏1
𝑏2
⋮
𝑏𝑛

)⟺ {

𝑎11𝑥1 = 𝑏1
𝑎22𝑥2 = 𝑏2

⋮
𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

 ⟺ 𝑥𝑖 = 
𝑏𝑖
𝑎𝑖𝑖
 , 𝑖

= 1, 𝑛

𝑛

𝐴𝑥 = 𝑏 ⟺ (

1 0
0 5

0 0
0 0

0 0
0 0

7 0
0 4

)(

𝑥1
𝑥2
𝑥3
𝑥4

) = (

7
3
0
8

) ⇔ {

1𝑥1 = 7
5𝑥2 = 3
7𝑥3 = 0
4𝑥4 = 8

𝐴 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑛  𝑎𝑖𝑗 =

0 𝑖 > 𝑗 𝑎𝑖𝑖 ≠ 0 ∀ 𝑖 = 1, 𝑛

𝐴𝑥 = 𝑏 ⟺ (

𝑎11 𝑎12
0 𝑎22

… 𝑎1𝑛
… 𝑎2𝑛

⋮    ⋮
0     0

⋱ ⋮
… 𝑎𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

) = (

𝑏1
𝑏2
⋮
𝑏𝑛

)⟺ {

𝑎11𝑥1 + 𝑎12𝑥2 +⋯+ 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎22𝑥2 +⋯+ 𝑎2𝑛𝑥𝑛 = 𝑏2

⋮
𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

 𝑛(𝑛−1) 

2

: 𝑛(𝑛−1) 

2
𝑛



𝐴𝑥 = 𝑏 ⟺ (

1 3
0 5

15 3
8 1

0 0
0 0

 
7  6
0  4

)(

𝑥1
𝑥2
𝑥3
𝑥4

) = (

4
11
1
8

) ⇔ {

1𝑥1 + 3𝑥2 + 15𝑥3 + 3𝑥4 = 4
5𝑥2 + 8𝑥3 + 1𝑥4 = 11

7𝑥3 + 6𝑥4 = 1
4𝑥4 = 8

𝐴 𝐴 = (𝑎𝑖𝑗)1≤𝑖,𝑗≤𝑛  𝑎𝑖𝑗 = 0

𝑖 < 𝑗 𝑎𝑖𝑖 ≠ 0 ∀ 𝑖 = 1, 𝑛

𝐴𝑥 = 𝑏 ⟺ (

𝑎11 0
𝑎21 𝑎22

… 0
… 0

⋮ ⋮
𝑎𝑛1 𝑎𝑛2

⋱ ⋮
… 𝑎𝑛𝑛

)(

𝑥1
𝑥2
⋮
𝑥𝑛

) = (

𝑏1
𝑏2
⋮
𝑏𝑛

)⟺ {

𝑎11𝑥1 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 = 𝑏2

⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

 𝑛(𝑛−1) 

2

: 𝑛(𝑛−1) 

2
𝑛

𝐴𝑥 = 𝑏 ⟺ (

1 0
6 1

0 0
0 0

5 8
1 6

7 0
3 4

)(

𝑥1
𝑥2
𝑥3
𝑥4

) = (

15
1
0
6

) ⇔ {

1𝑥1 = 15
6𝑥1 + 1𝑥2 = 1

5𝑥1 − 8𝑥2 + 7𝑥3 = 0
1𝑥1 + 6𝑥2 + 3𝑥3 + 4𝑥4 = 6

𝐴𝑥 =  𝑏

𝑥𝑖  =  
𝑑𝑒𝑡𝐴𝑖

𝑑𝑒𝑡𝐴
⁄

𝐴𝑖 𝐴 𝑖i’eme 𝐴

𝑂((𝑛 + 1)!)

𝑛 =  25

4 × 1026 109

1010

𝐴𝑥 =  𝑏 𝐴



𝐴𝑥 = 𝑏 ⟺ (
5 1
3 0

) (
𝑥1
𝑥2
) = (

4
−1
)

 𝐴1 = (
4 1
−1 0

) 𝐴2 = (
5 4
3 −1

)

 𝐴 𝐴1 𝐴2 

𝑑𝑒𝑡 𝐴 = |
5 1
3 0

| = −3 𝑑𝑒𝑡 𝐴1 = |
4 1
−1 0

| = 1 𝑑𝑒𝑡 𝐴2 = |
5 4
3 −1

| = −17

 𝑥1 =
𝑑𝑒𝑡 𝐴1

det 𝐴
=

1

−3
= −

1

3
𝑥2 =

𝑑𝑒𝑡 𝐴2

det𝐴
=
−17

−3
=
17

3

(
1 6 0
3 9 5
12 −8 1

)(

𝑥1
𝑥2
𝑥3
) = (

4
0
1
) (

1 −1
3 −3

) (
𝑥1
𝑥2
) = (

0
0
) (

1 0 0
6 4 2
9 8 4

)(

𝑥1
𝑥2
𝑥3
) = (

1
2
3
)

𝐴𝑥 = 𝑏 ⟺ {

𝑎11𝑥1 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 = 𝑏2

⋮
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 +⋯+ 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

𝐴𝑥 = 𝑏

𝑥1 𝑥2 𝑥𝑛

{
 
 

 
 𝑥1 =

𝑏1
𝑎11

𝑥𝑖 =
1

𝑎𝑖𝑖
(𝑏𝑖 −∑𝑎𝑖𝑗𝑥𝑗

𝑖−1

𝑗=1

) , 𝑖 = 2,… , 𝑛

𝐴′𝑥′ = 𝑏′⟺ {

𝑎′11𝑥
′
1 + 𝑎

′
12𝑥

′
2 +⋯+ 𝑎1𝑛

′𝑥′𝑛 = 𝑏
′
1

𝑎′22𝑥
′
2 +⋯+ 𝑎

′
2𝑛𝑥

′
𝑛 = 𝑏

′
2

⋮
𝑎′𝑛𝑛𝑥

′
𝑛 = 𝑏

′
𝑛



𝐴𝑥 = 𝑏

𝑥′𝑛 𝑥′𝑛−1 𝑥′1

{
 
 

 
 𝑥′𝑛 =

𝑏′𝑛
𝑎′𝑛𝑛

𝑥′𝑖 =
1

𝑎′𝑖𝑖
(𝑏′𝑖 − ∑ 𝑎′𝑖𝑗𝑥

′
𝑗

𝑖−𝑛

𝑗=𝑖+1

) , 𝑖 = 𝑛 − 1,… ,1

(
2 5 3
0 4 2
0 0 7

)(

𝑥1
𝑥2
𝑥3
) = (

49
30
21
)

𝑥3 =
21

7
= 3.

𝑥2 𝑥1

𝑥2 = 
1

4
(30 − (2 × 3)) = 6 𝑥1 = 

1

2
(49 − (5 × 6 + 3 × 3)) = 5

(
3 0 0
2 10 0
1 2 3

)(

𝑥1
𝑥2
𝑥3
) = (

99
136
140

)

𝑥1 =
99

3
= 33.

𝑥2 𝑥3
𝑥2 = 

1

10
(136 − (2 × 33)) = 7 𝑥3 = 

1

3
(140 − (1 × 33 + 2 × 7)) = 31

𝐴𝑥 = 𝑏 𝑛

• 

• 

• 



• 

𝑥

• 

𝑥(𝑛) 𝑥

𝑀 𝑀𝐴

𝐴𝑥 =  𝑏 ⟺ (𝑀𝐴)𝑥 =  𝑀𝑏
(𝑀𝐴)𝑥 =  𝑀𝑏

 

 

(𝐴, 𝑏)
𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑜𝑛
→           (𝐴(𝑛), 𝑏(𝑛))



𝐴(𝑛)

𝐴(𝑛)𝑥 = 𝑏(𝑛)

𝐴(1) = 𝐴 𝑏(1) = 𝑏

(𝐴(1) ⋮  𝑏(1)) =

(

 
 

𝑎11
(1)

𝑎12
(1)

𝑎21
(1)

𝑎22
(1)

⋯ 𝑎1𝑛
(1)

⋯ 𝑎2𝑛
(1)

⋮ 𝑏1
(1)

⋮ 𝑏2
(1)

⋮ ⋮

𝑎𝑛1
(1)

𝑎𝑛2
(1)

 ⋮

⋯ 𝑎𝑛𝑛
(1)

⋮ ⋮

⋮ 𝑏𝑛
(1)

   )

 
 

• 1𝑖
′𝑒𝑟𝑒

𝑎11
(1)
≠  0

{

𝐿1
(2)
← 𝐿1

(1)
 

𝐿𝑖
(2)
← 𝐿𝑖

(1)
− 𝛼𝑖1𝐿1

(1)
 𝑜ù 𝛼𝑖1 =

𝑎𝑖1
(1)

𝑎11
(1)
 

𝐿𝑖
(𝑘)

𝑖𝑖
′𝑒𝑚𝑒 (𝐴(𝑘), 𝑏(𝑘)) 1 ≤ 𝑖 ≤ 𝑛 𝑘 ≤ 𝑛

(𝐴(2) ⋮  𝑏(2)) =

(

 
 

𝑎11
(2) 𝑎12

(2)

0 𝑎22
(2)

⋯ 𝑎1𝑛
(2)

⋯ 𝑎2𝑛
(2)

⋮ 𝑏1
(2)

⋮ 𝑏2
(2)

⋮ ⋮

  0  𝑎𝑛2
(2)

 ⋮

⋯ 𝑎𝑛𝑛
(2)

⋮ ⋮

⋮ 𝑏𝑛
(2)

   )

 
 
⟺

{
  
 

  
 {

𝑎1𝑗
(2) = 𝑎1𝑗

(2), 1 ≤ 𝑗 ≤ 𝑛;

𝑏1
(2) = 𝑏1

(1)

𝑎𝑖1
(2) = 0, 2 ≤ 𝑖 ≤ 𝑛;

{
𝑎𝑖𝑗
(2) = 𝑎𝑖𝑗

(1) − 𝛼𝑖1𝑎1𝑗
(1), 2 ≤ 𝑖, 𝑗 ≤ 𝑛;

𝑏𝑖
(2) = 𝑏𝑖

(1) − 𝛼𝑖1𝑏1
(1), 2 ≤ 𝑖 ≤ 𝑛.

• 𝑘𝑖
′𝑒𝑚𝑒

• 𝑎𝑘𝑘
(𝑘)
≠  0

{

𝐿𝑖
(𝑘+1)

← 𝐿𝑖
(𝑘)
 ,1 ≤ 𝑖 ≤ 𝑘.

𝐿𝑖
(𝑘+1)

← 𝐿𝑖
(𝑘)
− 𝛼𝑖𝑘𝐿𝑘

(𝑘)
 𝑜ù 𝛼𝑖𝑘 =

𝑎𝑖𝑘
(𝑘)

𝑎𝑘𝑘
(𝑘)
 , 𝑘 + 1 ≤ 𝑖 ≤  𝑛.

𝐿𝑖
(𝑘)

𝑖𝑒𝑚𝑒 (𝐴(𝑘), 𝑏(𝑘)) 1 ≤ 𝑖 ≤ 𝑛 𝑘 ≤ 𝑛

(𝐴(𝑘+1) ⋮  𝑏(𝑘+1)) =

(

 
 
 
 
 
 

𝑎11
(𝑘)

𝑎12
(𝑘)

⋯

0 𝑎22
(𝑘)

⋯

𝑎1𝑘
(𝑘)

    ⋯      ⋯

𝑎2𝑘
(𝑘)

    ⋯      ⋯

𝑎1𝑛
(𝑘)

⋮ 𝑏1
(𝑘)

𝑎2𝑛
(𝑘)

⋮ 𝑏2
(𝑘)

⋮      0 ⋱
⋮      ⋮  

⋮    

 𝑎𝑘𝑘
(𝑘)
    ⋯     ⋯

⋮ ⋮ ⋮

𝑎𝑘𝑛
(𝑘)

⋮ 𝑏𝑘
(𝑘)

⋮
⋮
      ⋮   
      ⋮   

 
 

0    0  

   0
   ⋮

𝑎𝑘+1,𝑘+1
(𝑘+1)

⋮

⋯
 

   0 𝑎𝑛,𝑘+1
(𝑘+1)

⋯

𝑎𝑘+1,𝑛
(𝑘+1)

⋮

⋮
⋮
𝑏𝑘+1
(𝑘+1)

⋮

𝑎𝑛𝑛
(𝑘+1)

⋮ 𝑏𝑛
(𝑘+1)

)

 
 
 
 
 
 



{
 
 
 

 
 
 {

𝑎𝑖𝑗
(𝑘+1)

= 𝑎𝑖𝑗
(𝑘)
, 1 ≤ 𝑗 ≤ 𝑛;

 𝑏1
(2)
= 𝑏1

(1)
;

𝑎𝑖𝑗
(𝑘+1)

= 0, 1 ≤ 𝑗 ≤ 𝑘, 𝑘 + 1 ≤ 𝑖 ≤ 𝑛;

{
𝑎𝑖𝑗
(𝑘+1)

= 𝑎𝑖𝑗
(𝑘)
− 𝛼𝑖𝑘𝑎𝑘𝑗

(𝑘)
, 𝑘 + 1 ≤ 𝑖, 𝑗 ≤ 𝑛;

𝑏𝑖
(𝑘+1)

= 𝑏𝑖
(𝑘)
− 𝛼𝑖𝑘𝑏𝑘

(𝑘)
, 𝑘 + 1 ≤ 𝑖 ≤ 𝑛.

2

3
𝑛3  +  

1

2
𝑛2  −  

7

6
𝑛 + 𝑛2  =  𝑂( 

2

3
𝑛3).

{

2𝑥1 + 𝑥2 + 𝑥3 = 1
6𝑥1 + 2𝑥2 + 𝑥3 = −1
−2𝑥1 + 2𝑥2 + 1𝑥3 = 7

⟺ (
2 1 1
6 2 1
−2 2 1

)(

𝑥1
𝑥2
𝑥3
) = (

1
−1
7
) ⟺ 𝐴𝑥 = 𝑏

(𝐴(1) ⋮  𝑏(1)) ⟺ (
2 1 1
6 2 1
−2 2 1

⋮
⋮
⋮

1
−1
7
)

• (𝐴(2) ⋮  𝑏(2))

𝐿1
(2)
← 𝐿1

(1)
𝐿𝑖
(2)
← 𝐿𝑖

(1)
− 𝛼𝑖1𝐿1

(1)
 𝑜ù 𝛼𝑖1 =

𝑎𝑖1
(1)

𝑎11
(1)

(𝐴(2) ⋮  𝑏(2)) = (
2 1 1 ⋮

⋮
⋮

1
)

𝐿2
(2)
← 𝐿2

(1)
− 𝛼21𝐿1

(1)
 𝑜ù 𝛼21 =

𝑎21
(1)

𝑎11
(1) =

6

2
= 3

𝑎21
(2)
= 𝑎21

(1)
− 3 × 𝑎11

(1)
= 6 − 3(2) = 0 𝑎22

(2)
= 𝑎22

(1)
− 3 × 𝑎12

(1)
= 2 − 3(1) = −1

𝑎23
(2)
= 𝑎23

(1)
− 3 × 𝑎13

(1)
= 1 − 3(1) = −2 𝑎24

(2)
= 𝑎24

(1)
− 3 × 𝑎14

(1)
= −1 − 3(1) = −4

(𝐴(2) ⋮  𝑏(2)) = (
2 1 1
0 −1 −2

⋮
⋮
⋮

1
−4)

𝐿3
(2)
← 𝐿3

(1)
− 𝛼31𝐿1

(1)
 𝑜ù 𝛼31 =

𝑎31
(1)

𝑎11
(1) = −1

𝑎31
(2)
= 𝑎31

(1)
+ 1 × 𝑎11

(1)
= −2 + 1(2) = 0 𝑎32

(2)
= 𝑎32

(1)
+ 1 × 𝑎12

(1)
= 2 + 1(1) = 3

𝑎33
(2)
= 𝑎33

(1)
+ 1 × 𝑎13

(1)
= 1 + 1(1) = 2  𝑎34

(2)
= 𝑎34

(1)
+ 1 × 𝑎14

(1)
= 7 + 1(1) = 8



(𝐴(2) ⋮  𝑏(2)) = (
2 1 1
0 −1 −2
0 3 2

⋮
⋮
⋮

1
−4
8
)

• (𝐴(3) ⋮  𝑏(3)) (𝐴(2) ⋮  𝑏(2))

𝐿𝑖
(3)
← 𝐿𝑖

(2)
− 𝛼𝑖2𝐿2

(2)
 𝑜ù 𝛼𝑖1 =

𝑎𝑖2
(2)

𝑎22
(2)

𝐿3
(3)
← 𝐿3

(2)
− 𝛼32𝐿2

(2)
 𝑜ù 𝛼31 =

𝑎32
(1)

𝑎22
(1) = −3

𝑎32
(3)
= 𝑎32

(2)
− 3 × 𝑎22

(2)
= 3 − 3(1) = 0 𝑎33

(3)
= 𝑎33

(2)
− 3 × 𝑎23

(2)
= 2 − 3(−2) = −4

𝑎34
(3)
= 𝑎34

(2)
− 3 × 𝑎24

(2)
= 8 − 3(−4) = −4

(𝐴(3) ⋮  𝑏(3)) = (
2 1 1
0 −1 −2
0 0 −4

⋮
⋮
⋮

1
−4
−4
)

𝐴(3)𝑥 = 𝑏(3)⟺ (
2 1 1
0 −1 −2
0 0 −4

)(

𝑥1
𝑥2
𝑥3
) = (

1
−4
−4
)

𝑥3 =
−4

−4
= 1.

𝑥2 𝑥1

𝑥2 = −1(−4 − (−2 × 1)) = 2 𝑥1 = 
1

2
(1 − (1 × 2 + 1 × 1)) = −1

{

4𝑥1 + 8𝑥2 + 12𝑥3 = 4
3𝑥1 + 8𝑥2 + 13𝑥3 = 5
2𝑥1 + 9𝑥2 + 18𝑥3 = 11

{

3𝑥1 + 3𝑥3 = 8
4𝑥1 + 4𝑥3 = 5

9𝑥1 − 6𝑥2 − 8𝑥3 = 1
{
2𝑥1 − 5𝑥2 + 𝑥3 = −6
−1𝑥1 + 3𝑥2 − 1𝑥3 = 3
3𝑥1 − 4𝑥2 + 2𝑥3 = 10

𝐴



𝑎𝑘𝑘
(𝑘)
= 0

𝐿𝑝, 𝑘 +  1 ≤ 𝑝 ≤ 𝑛

𝑘𝑖
′𝑒𝑚𝑒 𝑎𝑝𝑘

(𝑘)

• 

𝑘𝑖
′𝑒𝑚𝑒 (1 ≤ 𝑘 ≤ 𝑛 − 1)

(𝑎𝑖𝑘
(𝑘)
) 𝑘≤𝑖≤𝑛

(𝑖 ≠ 𝑘) 𝑘𝑖
′𝑒𝑚𝑒

• 

𝑘𝑖
′𝑒𝑚𝑒 (1 ≤ 𝑘 ≤ 𝑛 − 1)

(𝑎𝑖𝑗
(𝑘)
) 𝑘≤𝑖,𝑗≤𝑛

 

 

 

{

𝑥2 + 3𝑥3 = 1
5𝑥1 + 2𝑥2 + 3𝑥3 = 4
6𝑥1 + 8𝑥2 + 1𝑥3 = 3

⟺ (
0 1 3
5 2 3
6 8 1

)(

𝑥1
𝑥2
𝑥3
) = (

1
4
3
) ⟺ 𝐴𝑥 = 𝑏

𝑎11 = 0 6 >

5

𝐴𝑥 = 𝑏 ⟺ (
6 8 1
5 2 3
0 1 3

)(

𝑥1
𝑥2
𝑥3
) = (

3
4
1
) ⟹ (𝐴(1) ⋮  𝑏(1)) ⟺ (

6 8 1
5 2 3
0 1 3

⋮
⋮
⋮

3
4
1
)

• (𝐴(2) ⋮  𝑏(2))



𝐿1
(2)
← 𝐿1

(1)
𝐿𝑖
(2)
← 𝐿𝑖

(1)
− 𝛼𝑖1𝐿1

(1)
 𝑜ù 𝛼𝑖1 =

𝑎𝑖1
(1)

𝑎11
(1)

(𝐴(2) ⋮  𝑏(2)) = (
6 8 1 ⋮

⋮
⋮

3
) 

𝐿2
(2)
← 𝐿2

(1)
− 𝛼21𝐿1

(1)
 𝑜ù 𝛼21 =

𝑎21
(1)

𝑎11
(1) =

5

6

𝑎21
(2)
= 𝑎21

(1)
−
5

6
 × 𝑎11

(1)
= 5 −

5

6
 (6) = 0 𝑎22

(2)
= 𝑎22

(1)
−
5

6
 × 𝑎12

(1)
= 2 −

5

6
 (8) =

−14 

3

𝑎23
(2)
= 𝑎23

(1)
−
5

6
 × 𝑎13

(1)
= 3 −

5

6
 (1) =

13

6
𝑎24
(2)
= 𝑎24

(1)
−
5

6
 × 𝑎14

(1)
= 4 −

5

6
 (3) =

3

2

(𝐴(2) ⋮  𝑏(2)) = (

6 8 1

0
−14

3

13

6

⋮
⋮
⋮

3
3

2
)

𝐿3
(2)
← 𝐿3

(1)
− 𝛼31𝐿1

(1)
 𝑜ù 𝛼31 =

𝑎31
(1)

𝑎11
(1) = 0

𝑎31
(2)
= 𝑎31

(1)
+ 0 × 𝑎11

(1)
= 0 + 0(2) = 0 𝑎32

(2)
= 𝑎32

(1)
+ 0 × 𝑎12

(1)
= 1 + 0(1) = 1

𝑎33
(2)
= 𝑎33

(1)
+ 0 × 𝑎13

(1)
= 3 + 0(1) = 3  𝑎34

(2)
= 𝑎34

(1)
+ 0 × 𝑎14

(1)
= 1 + 0(1) = 1

(𝐴(2) ⋮  𝑏(2)) = (

6 8 1

0
−14

3

13

6

0 1 3

⋮
⋮
⋮

3
3

2

1

)

• (𝐴(3) ⋮  𝑏(3)) (𝐴(2) ⋮  𝑏(2))

𝐿𝑖
(3)
← 𝐿𝑖

(2)
− 𝛼𝑖2𝐿2

(2)
 𝑜ù 𝛼𝑖1 =

𝑎𝑖2
(2)

𝑎22
(2)

𝐿3
(3)
← 𝐿3

(2)
− 𝛼32𝐿2

(2)
 𝑜ù 𝛼31 =

𝑎32
(1)

𝑎22
(1) =

−3

14

𝑎32
(3)
= 𝑎32

(2)
−

3

14
× 𝑎22

(2)
= 1 +

3

14
(
−14

3
) = 0

𝑎33
(3)
= 𝑎33

(2)
−

3

14
× 𝑎23

(2)
= 3 +

3

14
(
13

6
) =

97

28

𝑎34
(3)
= 𝑎34

(2)
−

3

14
× 𝑎24

(2)
= 1 +

3

14
(
3

2
) =

37

28

(𝐴(3) ⋮  𝑏(3)) = (

6 8 1

0
−14

3

13

6

0 0
97

28
 

⋮
⋮
⋮

3
3

2
37

28

)



𝐴(3)𝑥 = 𝑏(3)⟺

(

 
 

6 8 1

0
−14

3

13

6

0 0
97

28
 
)

 
 
(

𝑥1
𝑥2
𝑥3
) =

(

 
 

3
3

2
37

28)

 
 

𝑥3 =
37

28
×
28

97
=
37

97
.

𝑥2 𝑥3

𝑥2 = −
3

14
(
3

2
− (

13

6
×
37

97
)) =

−14

97
𝑥1 = 

1

6
(3 − (8 ×

−14

97
+ 1 ×

37

97
)) =

61

97

{

−5𝑥2 + 2𝑥3 = 14
9𝑥1 + 7𝑥2 + 1𝑥3 = 25
9𝑥1 + 2𝑥2 − 1𝑥3 = 1

{
2𝑥1 − 5𝑥2 + 𝑥3 = −6
−1𝑥1 + 3𝑥2 − 1𝑥3 = 3
3𝑥1 − 4𝑥2 + 2𝑥3 = 10

{
1𝑥2 + 4𝑥3 = 3
−1𝑥1 − 1𝑥3 = 13
9𝑥1 − 3𝑥2 = 1

𝐴 𝑚 × 𝑛 𝑚

𝑛 𝑏 𝑚

𝐴𝑥 = 𝑏

𝑚

 𝐴 𝐴 =

 𝐿 × 𝑈 𝐿 𝑈

 𝐴𝑥 =  𝑏 𝐴𝑥 =  𝑏 ⟺ 𝐿𝑈𝑥 = 𝑏 ⟺ {
𝐿𝑦 = 𝑏
𝑈𝑥 = 𝑦

𝑈𝑥 = 𝑦 𝐴𝑥 =  𝑏 ⟺ {
𝐿𝑦 = 𝑏
𝑈𝑥 = 𝑦

𝐴𝑥 =  𝑏

𝐴𝑘 𝑘 𝐴 𝐴𝑘 𝑘 × 𝑘

𝑎𝑖𝑗 , 1 ≤ 𝑖, 𝑗 ≤ 𝑘 1 ≤ 𝑘 ≤ 𝑛



𝐴 = (
1 5 2
5 10 −9
6 4 0

 ) 𝐴

𝐴1 = (1) 𝐴2 = (
1 5
5 10

) 𝐴3 = 𝐴 = (
1 5 2
5 10 −9
6 4 0

)

𝐴𝑘 𝐴

𝐴 = 𝐿𝑈

𝐿

𝑈 𝑈

𝐴 𝑛 𝐴 = 𝐿𝑈

(

 
 

𝑎11 ⋯
⋮  

𝑎1𝑗
⋮

⋯ 𝑎1𝑛
 ⋮

𝑎𝑖1 ⋯ 𝑎𝑖𝑗 ⋯ 𝑎𝑖𝑛

⋮  
𝑎𝑛1 ⋯

⋮
𝑎𝑛𝑗

 ⋮
⋯ 𝑎𝑛𝑛)

 
 
=

(

 
 

1  0
𝑙21  1

⋯
⋱

⋯ 0
0 ⋮

𝑙31  ⋱ 1 ⋱ ⋮
⋮  
𝑙𝑛1 ⋯

⋱
⋯

1 0
𝑙𝑛,𝑛−1 1)

 
 

(

 
 

𝑢11 𝑢12
0 𝑢22

⋯
⋯

⋯ 𝑢1𝑛
⋯ 𝑢2𝑛

⋮   ⋱ ⋱    ⋮
⋮  0
0  ⋯

⋱
⋯

⋱ ⋮
0 𝑢𝑛𝑛)

 
 

𝐿 𝑈

{
 
 
 
 

 
 
 
 

𝑙𝑖𝑖 = 1, 1 ≤ 𝑖 ≤ 𝑛;

{

𝑢1𝑗 = 𝑎1𝑗 , 1 ≤ 𝑗 ≤ 𝑛;

𝑙𝑖1 =
𝑎𝑖1
𝑎11

, 2 ≤ 𝑖 ≤ 𝑛;

{
 
 

 
 𝑢𝑚𝑗 = 𝑎𝑚𝑗 − ∑ 𝑙𝑚𝑘

𝑚−1

𝑘=1

. 𝑢𝑘𝑗 , 𝑚 ≤ 𝑗 ≤ 𝑛 𝑒𝑡 2 ≤ 𝑚 ≤ 𝑛

𝑙𝑖𝑚 =
(𝑎𝑖𝑚 − ∑ 𝑙𝑖𝑘

𝑚−1
𝑘=1 . 𝑢𝑘𝑚)

𝑢𝑚𝑚
, 𝑚 + 1 ≤ 𝑖 ≤ 𝑛 𝑒𝑡 2 ≤ 𝑚 ≤ 𝑛

𝑂 ( 
2

3
𝑛3) =

𝐴𝑥 =  𝑏

𝐿𝑈 𝐴𝑥 =  𝑏 (𝐿𝑈)𝑥 =  𝑏 𝐿(𝑈𝑥)  =  𝑏 𝑦 =  𝑈𝑥

𝑦 𝐿𝑦 =  𝑏

𝑦 𝑥 𝑈𝑥 =  𝑦



 𝐴𝑥 = 𝑏 ⟺ (
2 −5 1
−1 3 −1
3 −4 2

)(

𝑥1
𝑥2
𝑥3
) = (

12
−8
16
)

𝐴 = (
2 −5 1
−1 3 −1
3 −4 2

) 𝐴 = 𝐿𝑈 =

(
1 0 0
𝑙21 1 0
𝑙31 𝑙32 1

)(

𝑢11 𝑢12 𝑢12
0 𝑢22 𝑢23
0 0 𝑢33

)

𝑢1𝑗 = 𝑎1𝑗 , 1 ≤ 𝑗 ≤ 𝑛; 𝐴 = (
1 0 0
𝑙21 1 0
𝑙31 𝑙32 1

)(
2 −5 1
0 𝑢22 𝑢23
0 0 𝑢33

)

𝑙𝑖1 =
𝑎𝑖1

𝑎11
, 2 ≤ 𝑖 ≤ 𝑛 𝑙21 =

𝑎21

𝑎11
=
−1

2
𝑙31 =

𝑎31

𝑎11
=
3

2

𝐴 = (
2 −5 1
−1 3 −1
3 −4 2

) =

(

 
 

1 0 0
−1

2
1 0

3

2
𝑙32 1

)

 
 
(
2 −5 1
0 𝑢22 𝑢23
0 0 𝑢33

)

𝑢𝑚𝑗
𝑢𝑚𝑗 = 𝑎𝑚𝑗 − ∑ 𝑙𝑚𝑘

𝑚−1
𝑘=1 . 𝑢𝑘𝑗 , 𝑚 ≤ 𝑗 ≤ 𝑛 𝑒𝑡 𝑚 = 2

𝑢22 = 𝑎𝑚𝑗 − ∑ 𝑙𝑚𝑘
𝑚−1
𝑘=1 . 𝑢𝑘𝑗 = 𝑎22 − ∑ 𝑙2𝑘

2−1
𝑘=1 . 𝑢𝑘2 = 𝑎22 − 𝑙21. 𝑢12 = 3 +

1

2
× (−5) =

1

2

𝑢23 = 𝑎𝑚𝑗 − ∑ 𝑙𝑚𝑘
𝑚−1
𝑘=1 . 𝑢𝑘𝑗 = 𝑎23 − ∑ 𝑙2𝑘

1
𝑘=1 . 𝑢𝑘3 = 𝑎23 − 𝑙21. 𝑢13 = −1 +

1

2
× (1) =

−1

2

𝑚     𝑗  

𝐴 = (
2 −5 1
−1 3 −1
3 −4 2

) =

(

 
 

1 0 0
−1

2
1 0

3

2
𝑙32 1

)

 
 
(

2 −5 1

0
1

2

−1

2
0 0 𝑢33

)

𝑙32 𝑢33

𝑙𝑖𝑚 =
(𝑎𝑖𝑚−∑ 𝑙𝑖𝑘

𝑚−1
𝑘=1 .𝑢𝑘𝑚)

𝑢𝑚𝑚
, 𝑚 + 1 ≤ 𝑖 ≤ 𝑛 𝑒𝑡 2 ≤ 𝑚 ≤ 𝑛

𝑙32 =
(𝑎𝑖𝑚−∑ 𝑙𝑖𝑘

𝑚−1
𝑘=1 .𝑢𝑘𝑚)

𝑢𝑚𝑚
=
(𝑎32−𝑙31.𝑢12)

𝑢22
=

(−4−
3

2
×−5)

1

2

= 2 × (−4 −
3

2
×−5) = 7

𝑖     𝑚



𝐴 = (
2 −5 1
−1 3 −1
3 −4 2

) =

(

 
 

1 0 0
−1

2
1 0

3

2
7 1

)

 
 
(

2 −5 1

0
1

2

−1

2
0 0 𝑢33

)

𝑢𝑚𝑗 = 𝑎𝑚𝑗 − ∑ 𝑙𝑚𝑘
𝑚−1
𝑘=1 . 𝑢𝑘𝑗 , 𝑚 ≤ 𝑗 ≤ 𝑛 𝑒𝑡 𝑚 = 3

𝑢33 = 𝑎33 − ∑ 𝑙3𝑘
2
𝑘=1 . 𝑢𝑘3 = 𝑎33 − (𝑙31. 𝑢13 + 𝑙32. 𝑢23) = 2 − (

3

2
× (1) +

7 × (
−1

2
)) = 4

𝐴  

𝐴 = (
2 −5 1
−1 3 −1
3 −4 2

) = 𝐿𝑈 =

(

 
 

1 0 0
−1

2
1 0

3

2
7 1

)

 
 
(

2 −5 1

0
1

2

−1

2
0 0 4

)

𝐴𝑥 = 𝑏 ⟺ 𝐿𝑈𝑥 = 𝑏 𝑈𝑥 = 𝑦.

• 1𝑖
′𝑒𝑟𝑒

𝐿𝑦 = 𝑏

(

1 0 0
−1

2
1 0

3

2
7 1

)(

𝑦1
𝑦2
𝑦3
) = (

12
−8
16
)

𝑥1 = 12.

𝑥2 𝑥3

𝑥2 =  1 (−8 − (−
1

2
× 12)) = −2 𝑥3 =  1 (16 − (

3

2
× 12 +

7 × −2)) = 12

• 2𝑖
′𝑒𝑚𝑒

𝑈𝑥 = 𝑦

(

2 −5 1

0
1

2

−1

2

0 0 4

)(

𝑥1
𝑥2
𝑥3
) = (

12
−2
12
)

𝑥3 =
12

4
= 3.

𝑥2 𝑥1



𝑥2 =  2 (−2 − (−
1

2
× 3)) = −1 𝑥1 = 

1

2
(12 − (−5 × −1 + 1 × 3)) =

2.

{

2𝑥1 + 2𝑥2 + 2𝑥3 = 10
4𝑥1 + 7𝑥2 + 7𝑥3 = 25
6𝑥1 + 18𝑥2 + 22𝑥3 = 40

{

1𝑥1 + 2𝑥2 − 3𝑥3 = 4
4𝑥1 + 8𝑥2 + 12𝑥3 = −8
2𝑥1 − 3𝑥2 + 2𝑥3 = 1

𝐿𝑈

𝐿𝑈 𝐴

 

 

 

 

 


